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A3STBAGI 

This  report  investigates  diffraction  of  a  plane  sound  wave  from 
a  rigid  circular  disk  of  zero  thickness.  A  recently  published  exact 
theory  is  extended  to  compute  and  discuss  values  for  the  diffracted 
field  both  at  the  disk  and  at  large  distances  from  it.  The  Kirchhoff 
solution  -  an  approximation  designed  for  the  case  of  very  short  wave 
length  -  is  compared  to  the  exact  solution  and  it  is  found  to  be  more 
powerful  than  might  heretofore  have  been  supposed.   The  reasons  for 
this  are  discussed  in  some  detail. 
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1.  Introduction 

The  mathematical  techniques  euployed  in  solving  "boundary  value 
problems  in  diffraction  are  essentially  the  same  for  electromagnetic, or 
vector,  and  for  acoustic,  or  scalar,  waves.  It  is  reasonable,  therefore, 
to  consider  them  together  in  a  general  discussion. 

Surprisingly,  exact  solutions  exist  for  only  a  rather  limited 
variety  of  diffracting  obstacles.  We  \inderstand  by  "exact"  solutions 
those  which  satisfy  the  underlying  fundamental  equations,  such  as, for 
example,  Maxv/ell«s  field  equations,  subject  to  the  correct  boundary  condi- 
tions. As  we  shall  see,  solutions  which  meet  both  these  conditions  still 
are  not  necessarily  complete,  although  they  would  appear  to  be.   For 
instance,  they  may  be  in  the  form  of  series  known  to  be  convergent,  bat 
converging  so  slowljr  in  certain  regions  of  the  frequency  parameter  that 
their  evaluation  in  these  regions  presents  an  excessive  computing  problem. 
Let  us  call  such  results  "exact  in  principle".  Many  valuable  conclusions 
still  can  be  drawn  from  these,  but  it  may  not  be  feasible  to  plot,  say, 
radiation  patterns  for  all  frequency  ranges.  We  shall  be  concerned  here 
with  a  solution  of  this  type  to  the  problem  of  diffraction  by  the  circalax 
disk. 

It  is  apparently  simplest  to  treat  "semi-infinite"  scatterers. 
By  that  we  mean  scatterers  of  such  shape  that  they  extend  infinitely  in 
one  or  several  directions.  As  examples  we  mention  the  infinite  cylinder 
or  the  half-plane. 

On  dealing  with  finite  obstacles,  however,  such  as  our  disk  or 
obstacles  of  shapes  closely  related  thereto,  such  as  the  infinite  screen 
with  a  circular  aperture,  additional  difficulties  are  encountered,  which 
are  characteristic  of  the  geometry,  especially  so  in  the  electromagnetic 
case.  We  shall  point  these  out  in  connection  with  the  disk. 

Three  essentially  different  "exact"  methods  have  been  employed 
in  this  type  of  problem 

One  is  Sommerf eld's  exact  solution  to  the  scattering  by  the 
half-plane,  explicit  for  all  frequencies^.  This  is  quite  unique  and  may 
net  be  extensible  to  other  geometries. 
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Another  is  tased  on  the  Viener-Hopf  method  of  solving  integral 
equations  with  kernels  having  special  properties.   It  was  recently  first 

applied  in  diffraction  "by  Schwinger  to  the  prohlem  of  the  "bifurcated  wave 

2 
guide  .   It  is  known  that  any  wave  protlea  may  he  formulated  "by  a  partial 

differential  equation  -  the  wave  equation  -  with  appropriate  boundary 
conditions,  or  hy  an  integral  equation  comprising  the  "boundary  conditions. 
The  latter  can  "be  ohtained  "by  Green's  function  techniques.   If,  and  only 
if,  the  kernel  is  a  function  of  the  difference  of  its  arguments  can  this 
method  "be  employed.  This  limits  the  variety  of  scatterers.  Among  other 
pro"blems  to  which  the  method  has  "been  successfully  applied  are  the  radia- 
tion from  a  semi-infinite  cylinder-*,  and  the  diffraction  from  two  and  from 
an  infinite  set  of  parallel  half-planes  , 

The  third  method-'  will  "be  considered  in  some  detail,  since  it  is 
the  one  on  which  our  work  is  "based.   It  is  the  method  of  eigenfunctions. 
The  wave  function  of  the  scattered  field  (field  vectors  or  velocity  poten- 
tial, depending  upon  v/hether  it  is  the  electromagnetic  or  acoustic  pro'blem) 
is  here  expressed  as  a  series  of  eigenfunctions;   hence  in  view  of  ©"bserva- 
tions  a"bove  the  method  is  exact  only  "in  principle". 

In  a  vector  pro"blem  involving  divergenceless  vectors,  e.g., 
charge  free  space,  the  wave  functions  "7  are  solutions  of 

(1)  -VxVxV  +  k^?=0,   k  =  |n., 

and  can  "be  constructed  from  those  solutions  of  the  scalar  wave  equation 

(2)  V^V+  k^  \K  =  0 

which  are  characteristic   of,    i.e.    eigenfunctions   of,    the  particular 
geometry   of  the  prohlem.      Thus   the   two  pairs   of  vectors 

(3)  V    X  a  \^  ,     Vx  Vx  a    \/ 

(U)  ^^  r  Y   •     Vx^x  r,Y 

v/here  "\|/  is  a  solution  of  the  scalar  wave  equation,  a  is  any  constant 
vector  and  £  the  radius  vector,  form  tv^o  different  sets  of  independent 
solutions  to  (1).  No  varia"ble  vectors  other  than  r^  are  known  to  supply 
proper  vector  wave  functions.   In  fact  it  may  not  be  commonly  known  that 
(U)  itself  is  a  general  solution;   it  has  been  used  in  the  discussion  of 
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electromagnetic  diffraction  tsy  the  sphere,  solved  exactly  ty  Stratton 
as  characteristic  of  the  spherical  coordinate  system,  In  which  r  is  a 
coordinate  Tariable, 

The  Telocity  potential  in  acoustical  wave  protlems  is  a  solu- 
tion of  the  scalar  wave  equation  (2)  and  this  proves  the  i>oint  previously 
made  that  the  two  types  of  problems  may  he  discussed  together. 

Now,  it  is  possible  to  separate  the  space  variables  in  (2)  in 
11  different  orthogonal  curvilinear  coordinate  systems'.  Such  a  procedure 
leads  to  ordinary  second  order  differential  equations  of  the  Sturm-Liouville 
type.   These  generate  infinite  and  complete  sets  of  orthogonal  eigen- 
functions,  often  knovm.  as  "special  functions.  Far  from  all  the  sets  of 
functions  corresponding  to  the  eleven  systems  have  been  analyzed.   One 
of  these  sets,  for  example,  are   the  wave  functions  of  the  oblate  spheroid. 
The  coordinate  system  consists  of  oblate  spheroids 5  ,  a  circular  disk 


The  oblate  spheroidal  coordinates 

Fig.  1  ' 
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of  zero  thickness  "being  the  limiting  spheroid  ^  =  0,   hypertoloids  of 
revolution  about   z  and  of  one  sheet,    f*^  ,   and  planes  of  constant  aziaith 
0  .     The  ohlate  spheroidal  wave  functions  have  been  investigated  by  a 
number  of  authors.      Tables  have  in  recent  years  been  compiled  by  Stratton 
Chu,    et,  al.    and  considerably  extended  by  Leitner  and  Spence°, 

Whenever  another  set  of   "specicl"  functions  is   investigated 
and  tabulated,   the  way  is  opened  for  the   solution  of  a  number   of  boundary 
value  problems.     For,   whenever  the  boundary  of  a  diffraction  problem  may 
be  made  to  coincide  with  coordinate   surfaces  of  one    of  these   systems,   the 
appropriate  wave  function  V^  can  be   expanded  easily  as  a  series   of  the 
product-eigenf unctions. 

With  this   method  a  number  of  diffraction  problems  has  been 
solved.      The  results  of  Sommerfeld  were  reproduced  by  Epstein'''^  with  the 
half-plane  as  a  limiting  parabolic   cylinder.      The  diffraction  by  infinite 
slits  and  stripjwas  investigated  by  Morse  and  Rubinstein     ,  using  the 
wave  functions  of  the   elliptic  cylinder. 

In  -blia  class    of  finite  scatterers   of  electromagnetic  waves  we 
have,    first,    the  work  of  Stratton     on  the  diffraction  by  spheres,  using 
the  eigenvector  functions   (U)   to  generate  a  given  field.     The  scalar 
eigenfunctions  are   of  the   form 

^5)  Yj^^     =     «^(kr)  Pj^  (cos   G)     111^4      . 

Here  r,0,  <P   are  the  spherical  coordinates,  the  functions  z^  are  the  radial 
spherical  wave  functions  of  order  J.    -  half-integral-order  solutions  of 
Bessel»s  equation-and  the  ^  are  the  associated  Legendre  functions, 
ITote  that  all  these  separate  functions  belong  to  the  class  of  hypergeometric 
functions  and  their  so-called  confluences.  The  analysis  of  this  class  of 
functions  can  be  considered  as  completely  known,  and  their  properties  as 
simple  relative  to  other  functions  arising  out  of  the  solution  of  (2), for 
example,  the  wave  functions  of  the  oblate  spheroid.   Thus  general  recur- 
sion formulae  between  different  functions  and  their  derivatives  are  known, 
also  the  generating  functions  are  known  in  the  former  cases,  but  not  in 
the  latter  example. 
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Thase  circujnstaaces  aid  in  making  the  form  of  the  vector  solu- 
tions relatively  simple  for  the  sphere  and  are  reasons  for  assuring  a  sort 
of  vectorial-fiinctional  orthogonality  "between  functions  ^x  t  xl/l,       and 
V7x  ri//>/jji  snd.   the  like.  To  this  is  added  significantly  the  fact  that 
solutions  (U)  are  everywhere  transverse  to ^,  a  coordinate  vector  of  this 
particular  prohlem,  hut  not  necessarily  of  others,  and  these  vectors  are 
tangent  to  the  "boundaries  of  the  prohlem. 

This  is  not  so  in  the  spheroidal  problem  of  the  disk,  for  example. 
Apparently  no  vector  solutions  axe   known  here  which  have  convenient  vector 
orthogonality  properties,  essential  to  prohlems  employing  series  of  euch 
solutions, 

A  similar  difficulty  is  encountered  vath  the  prolate  spheroid, 

which  in  the  limit  may  be  taken  as  a  wire  of  zero  thickness  and  finite 

12         1^ 
length.  This  prohlem  was  discussed  hy  Page   and  Ryder  -',  for  a  normally 

incident  plane  wave.   It  is  the  case  of  the  receiving  antenna.  Their  dis- 
cussions are  limited  to  resonance  effects  and  a  complete  diffraction 
solution  is  still  outstanding. 

The  difficulty  is,  however,  removed  in  the  scalar  case,  "because 
functional  orthogonality  o"btain9  in  all  of  the  eleven  systems  referred  to 
ahove,  in  which  the  wave  equation  is  sepsu'a"ble. 

We  may  draw  the  following  conclusions.  A  num"ber  of  diffraction 

problems  involving  finite  geometrical  boundaries  coincident  with  a  certain 

group  of  coordinate  surfaces  may  be  attacked  by  the  method  of  the  general- 
depends 
ized  Fourier  series  of  eigenfunctions.  The  scalar  solution/ on  whether  the 

corresponding  v;ave  functions  have  been  or  can  be  analyzed.   The  vector 
solution  is  complicated  by  the  fact  that  we  apparently  know  no  method  of  find- 
ing vector  eigenfunctions  most  appropriate  to  the  geometry  of  the  problem. 
An  exact  and  complete  theory  exists  only  for  the  sphere. 

Considering,  therefore,  the  problem  of  diffraction  of  electro- 
magnetic waves  by  the  perfectly  conducting  disk  as  unsettled,  let  us  turn 
our  attention  to  the  diffraction  of  sound  by  the  rigid  disk.  The  exact 

theory  for  the  circular  disk,  based  on  the  vreive  functions  of  the  oblate 

lU  m 

spheroid,  was  independently  formulated  by  Spence   and  Bouwkamp  ■^.  These 
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authors  "both  consider  a  monochromatic  plane  wave  at  normal  incidence,  and 
proceed  to  compute,  from  tahles  of  the  functions  and  allied  coefficients, 
the  scattering  cross  section  tTas  a  function  of  the  parameter  ka,  where  a 
is  the  radius  of  the  disk.  The  quantity  ka  is  a  measure  of  the  ratio  of 
diameter  to  wavelength.  The  quemtity  cTis  defined  as  the  ratio  of  the 
total  scattered  pov/er  flow  outward  to  the  power  flux  incident  on  the 
scatterer.   It  is  ohtained  hy  sujmning  the  scattered  power  flux,  usually 
calculated  at  leo'ge  distances,  over  all  directions. 

We  shall  refer  to  the  values  of  the  velocity  potential,  anfi  its 
gradient,  at  large  distances  as  the  "distant  field".  These  and  the  values 
of  quantities  derived  therefrom  -  such  as  CT  -  are  as  a  rule  the  results 
of  foremost  interest  in  a  diffraction  theory. 

As  a  consequence  of  this  a  namher.of  methods  have  "been  devised 
wherehy  the  distant  field  can  "be  calculated  approximately,  long  "before 
exact  theories  could  have  "been  formulated. 

Such  approximations  generally  "begin  hy  assuming  certain  condi- 
tions at  or  near  the  scatterer  which  are  either  knovm,  or  "believed  to 
"be  incorrect.  The  assumptions  are  different  in  different  ranges  of  ka. 

When  the  value  of  ka  is  small  -  large  scatterers  -  the  method 
of  Rayleigh  may  be  applied.  The  assumption  is  that  conditions  near  the 
scatterer,  e.g.,  at  distances  small  compared  to  X,  are  essentially  static, 
k  "being  relatively  small  in  equation  (2),  while  sufficiently  far  away  the 
diffracted  wave  from  any  finite  o"bstacle  must  "be  spherically  diverging. 

Thus  an  approximate  distant  field  is  o"btained.  This  was  applied  to  the 

— 16 

circular  disk  "by  Rayleigh  himself  , 

A  more  powerful  method,  using  variational  principles,  was  very 

recently  applied  to  the  aperture  "by  Levine  and  Schwinger  .   It  makes 

possi"ble  an  approximate  calculation  of  the  distant  field  (scattering 

cross  section)  up  to  values  for  ka  of  the  order  10,        It  is  just 

in  this  region  that  the  spheroidal  solution  of  Bouwkamp  and  Spence,v;hen 

applied  to  the  aperture,  conveniently  supplies  exact  results,  while  at 

larger  values  computation  would  "become  excessive.   Comparison  of  the 

several  results  for  <t  show  excellent  agreement.  We  refer  the  reader  to 

figure  2  of  the  paper  by  Levine  and  Schv;inger. 
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Finally  there  exists  the  method,  due  to  Kirchhoff,  of  obtaining 
approxinate  diffraction  formulas  at  large  distances  from  the  scatterer  - 
or  aperture  -  which  applies  only,  or  supposedly  only,  as  ka  ->  oo.   It  is 
the  method  frequently  used  in  physical  optics.  The  problem  is  actually 
an  electromagnetic  one  there,  hut  it  is  reduced  to  a  scalar  problem  on 
certain  cartesian  components  of  the  field  vectors.  Acoustic  diffraction 
may  therefore  a  fortiori  be  treated  from  the  Kirchhoff  point  of  view. 

The  method,  and  its  limitations  in  the  general  case,  are  discussed  by 

18 
Baker  and  Copson  ,  However  we  shall  see  in  this  pg^er  that  this  method 

is  quite  powerful  in  certain  problems  -  namely  those  desiling  with  obstacles 

lying  entirely  in  a  plane  -  more  powerful  than  might  heretofore  have  been 

supposed.  In  other  words,  we  will  show  that  the  method  produces  good 

approximations  for  the  distant  field  even  at  relatively  small  values  of 

ka. 

The  assumptions  made  aure  confined  to  the  values  of  the  function 

at  the  boundary.  Fo^  the  wave  field  at  a  point  P  inside  a  closed  surface 

S  is  given  exactly  by  the  Helmholtz  formula  ", 

in  terms  of  the  values  on  S  of  ll/and  its  derivative  along  the  outward  nor- 
mal ja,  if  all  singularities  of  1^/" are  exterior  to  S.  Here  R  is  the  distance 
from  points  on  S  to  the  point  P.  The  boundary  values  are  now  usually- 
taken  such  that  on  the  parts  of  S  occupied  by  the  obstacle  there  is  a 
complete  shadow  on  the  surface  of  the  obstacle  not  exposed  to  the  incident 
wave,  perfect  reflection  on  the  exposed  side,  and  a  vanishing  diffraction 
effect  in  the  plane  of  the  obstacle,  if  it  lies  in  a  plane.   In  view  of 
our  knowledge  based  on  phenomena  in  optics,  dealing  with  very  short  X, 
these  are  reasonable  assximptions. 

In  the  following  sections  it  will  be  shown  rigorously  that  the 
last  mentioned  of  the  above  Kirchhoff  assumptions  for  plane  obstacles 
are  not  approximative,  but  exact.  Me   will  also  present  the  Kirchhoff 
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solution  for  the  rigid  disk*  in  acoustic  diffraction,  in  order  to  compare 
it  with  results  of  the  exact  solution. 

In  addition  we  will  extend  the  results  of  the  exact  spheroidal 
theory  of  Bouwkai?)  and  Spence.  Thus  we  will  ohtain  the  radiation  pattern, 
which  is  defined  as  the  scattered  outward  power  flux  at  infinity  as  a 
function  of  direction,  at  a  set  of  ka  values,  ka  i  5  ^^^  compare  these 
with  the  corresponding  Kirchhoff  curves. 

It  is  of  considerahle  interest  to  know  also  the  exact  condi- 
tions on  the  surface  of  the  disk.  First  of  all,  one  would  like  to 
appraise  the  approximative  Kirchhoff  assumptions  on  the  surface  of  a 
Ecatterer.   Secondly  no  exact  theory  for  values  in  this  region  exist 
for  any  finite  scatterer  "beside  the  sphere.  It  is  for  Judt  these  reasons 

that, very  recently,  F.  M.  Wiener  made  experimantal  acoustic  measurements 

21  22 

on  rigid  spheres  and  cylinders   ,  rigid  circular  and  square  disks  ,  The 

spheroidal  theory  permits  a  study  of  conditions  on  the  disk  and  this  will 

form  a  part  of  our  discussions  from  which  a  numher  of  conclusions  can  he 

drawn  and  the  experimental  data  can  he  evaluated. 


•  A  Kirchhoff  treatment  yielding  values  for  the  field  at  points  near  the 
axis  of  symmetry  of  the  disk  is  also  found  in  a  paper  hy  Primakoff , 
et  al20. 
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2.  Approximate  Solution  "by  the  Klrchhoff  Method 

The  Klrchhoff  houndary  conditions  are  es  follows:  the  disk 
acts  as  if  it  were  a  perfect  reflector  of  infinite  size.  For  the  incident 
field  we  take  a  normally  incident  plane  wave  of  unit  aniplltude  coming 
from  z  -  +  00  and  progressing  in  the  negative  z  direction.  We  may  then 
place  our  disk  of  zero  thickness  in  the  plane  z  =  0.  The  incident 
velocity  potential  is 

The  scattered  velocity  potential  will  he  denoted  hy  ^f'  i  euid  an  additional 
subscript  Z  will  he  used  whenever  we  speeik  of  a  value  ohtained  hy,  or 
assumed  in,  the  Klrchhoff  theory.  On  the  positive  side  of  the  disk  the 
total  field  is  douhled  hy  the  Klrchhoff  assumption  of  perfect  reflection, 
llf      jj  =  W^A      '>      on  the  negative  side  a  shadow  is  asstimed  to  exist, 

'^/g  J  =  ~y^ij^f.'      ^°  ^^®  remaining  portion  of  z  =  0  we  nast  take 

-yl/  V  ~  0.  These  conditions  are  expressed  in  figure  2. 
.   .''  Z         -P 


jyp^-sL^ '^^-■^N^^ 


Q(Zro) 


?i^^i^ 


P-obser-^a't'ioy*  point" 

Scatterer  lying  In  the  xy-plane.Jor  discussion, see  pages  10, l4  and  2U. 

J'ig.  2 


-i'uit 

♦  time  dependence  e      removed. 
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We  will  not  show  here  how  the  Helmholtz  integral  (6)  can.  "be  re- 
duced in  our  type  of  problem,  which  deals  with  two  semi- infinite  regions 
separated  by  a  surface  (the  plane  8  =  0),  The  airguments  are  found  in  the 
texts  ''.     We  state  here  merely  that,  if  "Xl^"  satisfies  the  Sommerfeld  con- 
ditions 

(g)     r  "M^^  <  N  ,  r(-|^  -  ik  M^g)  «=  0  as  r  -»  co  . 

where  N  is  some  finite  mimher  and  r  is  the  radius  vector  from  the  origin, 
then 

(5)  ^K.(^)    =  -    h    ^/^=  h  <fe'>  -  ^ 

(z=0)  ^     "^' 

where  r  is  the  distance  from  the  origin  to  P  and^  the  distance  from  the 

origin  to  any  point  Q  on  z  =  0,   of.    figure  2.     Conditions  (8)    are  general 

conditions  which  ensure  that  the  scattered  wave  function  and  its  radial 

derivative  "behave  like  spherically  diverging  waves,    e.g.  have  a  radial 

ikr 
dependence  ® ,    at   large  r, 

r 

Under  the  Kirchhoff  assumptions  for  a  plane  obstacle  the  integral 
takes  the  form 

,  C  {  ^         ikir  -£} 

(10)       \k.k(^)  =  -  gr    i>  ^..^h  'V^'  '^  "^ 

one  side 
of  obstacle 


In  particular,   for  our  disk, 

d/^d<> 


1    rf"    a    eWi-^/ 
(^^)       ^s.K  ^^^  -  -  rJ  j„    -i^^'-W-TT-'' 


Now, 


(12) 


±  fS^^^-^'  _d_   ]  eiWrV^-2r^cos(^-9) 

9«       \l'^}         =     9^   I         f^ 2 ;^ -' 

'  yr"^  +/0  '^-gr/J  cos(^  -  0) 

3      e^      -ik/>sin  ©/ 
"     3Z   l     r       ®  -'       • 


.ikr 
k  cos  «  f 

when  r  ->  oo, i.e. when  r   >>/?    , 


=  ik  cos  0  ei^  e-^^f  ^^^  ® 
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Thus,  for  large  r, 

•a  r  2n 


.f        _         Ik  cos  Q  e /  I   ^lk/>BinO  ,  ^^ 

•  •'0    " 

n 


0  '  0 

ka  sin  i& 


i  cog  0  e I     T   I    \     ^ 

k  sin  0   '  -'o      ° 


^Ikr  J.  (ka  sin  0) 

The  flvix  of  radiated  power,  E,  on  a  surface  completely  enclosing 
the  scatterer  is  in  acoustics  given  by 

the  star  denoting  a  complex  conjugate,  p      the  equilitrium  density,  ^nd 
c  the  phase  velocity  of  sound  in  the  medi\un.  Consequently  we  obtain  for 
the  disk 

riK'i  y^  ^  v^o^   J,^(ka8ine) 

Graphs  ofQu^Cka;  0),  i.e.  the  radiation  patterns,  have  been  plotted  against 
0  at  the  integer  values  of  ka  In  1  i  ka  £  5.  They  are  drawn  in  broken 
lines  on  figures  3  'to  7« 

3.  Uotea  on  Rigid  Scatterers  Lying  in  one  Plane 

We  show  here  that  one  Kirchhoff  condition.  I.e.  "VK  =  0  on  the 

8 

plane  of,  but  off  the  disk,  is  exact  and  not  approximative  as  might  easily 
be  supposed. 

Our  proof  is  general  in  that  it  applies  to  all  scatterers  entirely 
confined  to  a  plane*** 


♦  see  Jahnke-Emde ,  Tables  of  F-gnct ions, (Dover  Reprints.  1945)  v.   lUq. 

**see  ibid.,  p.  1^5,  article  6. 

••♦For  details  of  the  proof  the  author  is  indebted  to  Dr., Eugene  Isaacson 
of  New  Tork  University. 
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The  total  field l)/ls  written 

(16)  -^--VKinc^r.   . 

and  each  part  of  AV^eatisfies  the  scalar  wave  equation  (2).  The  function 
Ti/.   is  a  solution  for  free  space,  as  if  the  scatterer  were  atsent.  It 
is  continuous  and  "bounded  everywhere,  except  at  the  sources  where  it  has 
singularities  of  type  ^  .  The  same  holds  for  its  first  and  second  deriva- 
tives.  In  the  case  of  a  plane  incident  wave,  the  source  is  removed  to 
infinity. In  no  conventional  diffraction  problem  is  it  assumed  that  the 
sources  lie  on  the  scatterer,  and  we  will  exclude  that  possiMlity  from 
our  observations  here.  The  function  ^l/"  ,  its  first  sind  second  derivatives 

are  necessarily  "bounded  and  continuous  in  free  space;  at  all  points  on 
the  "infinite  sphere"  Aj/"  and  ^^"  vanish  for  we  require  that  conditions 

(7)  te   satisfied.  At  the  scatterer,  however, 

(IT)         V^  =  0 

and  -ur    and  its  first  and  second  derivatives  are  not  necessarily  continu- 
ous. But  the  "boundary  condition  allows  us  to  make  assertions  on  the  proper- 
ties of  one  of  the  derivatives  of  IJ/"  .  Using  the  xy  plane  for  the  plane 

of  the  scatterer  as  "before,  we  find  that  ■■  '   =  -  -^ — ^  on  the 

a  ^s      aiKinc 

positive  side,  -   '  '  —  =  -~:^ on  the  negative  side  of  the  scatterer. 


"because  of^l"yt  and  therefore,  since  -— ■ 


- —  is  "bounded  and  continaous 

-a  2 

across  the  scatterer,   — — is  also.     Across  the   rest  of  the  plane  it   is 

continuous.  Let  us  denote  a  discontinuity  by  "brackets  [  J  , 

\'Ie  proceed  now  to  view  the   solution  to  pro"blems  "based  on  the 
scalar  wave  equation  (2j  from  the  vie%»point  of  Green's  functions.     Within 
a  closed  surface  S  the  value  of  ij/at  P  is  given  "by  an  integral  over  S, 


(19) 


XJ/CP) 


=     f    (^a-i|ril)    ds. 

L        ^  n  ^  an'  • 


-no- 


where G  is  a  Green's  function  for  the  scsJ-ar  wave  equation  so  adjustable 
that  it   satisfies   simple  'boTindaiy  conditions  on  S.     Thus  either  G  or 

■2 —    may  be  made  to  vanish  on  S  and  consequently  ll/'is  completely  deter- 
mined  "by  either  ^  or  If  on  S.     We  shall  not  give  the  details  of  this 

theory  here.    , 

The  Green's   function  for   (2)  in  the  infinite  domain,   for  in- 
ik£ 
stance,    is  known  to  te       r  _     where  R  is  the  distance  from  the  variahle 

point   to  P.     When  we  consider,  however,   the  semi-infinite  domain  obtained 
"by  dividing  all  space   in  two  by  an  infinite  plane,    say  z  =  0,    as   in  our 
case,   then 

llcE^  ikfi 

the  point  P  lies  inside   c«.r  semi-infinite  domain;      B.    is   the  distance  from 

P  to  the  variable  point  Q'   in  our  domain,    see  figure  2:     R-  is  the  distance 

from  P  to  the  mirror  image  of  the  variable  point  about  the  plane.     The 

singularity  of  G  arises   from  the   one   term  only,     Figure  2  Illustrates 

this.   The  +  sign  is  chosen  if  we  wish  that  ~-2.  =  0  on  the  plane;      the  minus 

"d  n 

sign  for  G  =  0  on  the  plane,  on  which  H.  =  Rp  , 

The  surface  S  enclosing  our  domain  is  completed  by  the  "infinite 
hemisphere".  The  functions  if/",  G  and       ,  ^ —  vanish  there.  Con- 
sequently  \|/"  is  given  in  our  problem  by  alternata  integrals  over  the 
xy  plane,  e.g, 

.00 


C.,=  ^ff  ^e- 


<21a)     ^V,^i)-    '^J     J   ^^  V/"^/"^* 


0    0 

or 


2n  roo 


f         f  ikR 


-Il4a- 


for,   when  the  varia"ble  point  is  confined  to  z  =  0,   R^=  E  =  R;      and  these 

integrals  are  taken  over  the  valtiBs   oflp  and     - —  ,   respectively,   on  that 

a  " 

side  of  z  =  0  facing  the   semi-infinite  domain  under  consideration,    z  >  0 
or  z  <  0, 

Since  we  know  that    ~^       is  continuous  across  z  =  0.    relation 

(21a)  proves  that  llr    is  odd  in  z;    for    ^-r"  -     ^-— ,   respectively,   on  the 

two  sides  of  z  =  0, 

When  a  function  is  odd  in  z,   ■bounded- continuoas  across  the  origin, 
it  is  zero  at  the  origin.  Consequently 

(22)    li/'  =  0  in  the  plane  of  the  scatterer  "but  off  the  scatterer. 

A  ftirther  conclusion  may  he  drawn  from  the  integral  (21a),  having 
to  do  with  singularities  in  ^^ —  on  the  edge  of  the  scatterer.  We  post- 

pone  discussion  of  this  to  Section  5" 

We  have  made  no  restrict! cas  ahout  the  shape  of  the  scatterer 
other  than  that  it  is  plane.  Our  proof  applies  equally  well  to  the  infin- 
ite screen  with  one  or  more  a^jertures  of  any  shape. 

This  result  is  of  significance  in  our  discussion  of  the  Klrchhoff 
theory  of  acoustic  diffraction  hy  the  disk.  We  find  that  the  only  error  of 
the  theory  lies  in  its  assimiptions  for  \|/^  on  the  surface  of  the  disk. 
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How,  a  relatively  small  error  in  the  value  ot  If/    on  the  sur- 
face of  the  disk  should  not  "be  too  significant  at  sufficiently  large 
dietance.  One  would  think, so,  intuitively.  Consequently  we  should  not 
"be  too  surprised  if  the  Zirchhoff  theory  proves  to  he  a  powerful  approxi- 
mation method,  applicahle  in  a  wide  range  of  ka  values,  even  when  X  is 
not  small  when  compared  to  the  dimensions  of  the  acatterer. 

Another  significant  conclusion  derives  from  this  argument.  We 
know  now  that  no  scatterers  of  the  type  xmder  discussion  produce  a  diffrac- 
tion effect  in  their  planes.  For  different  scatterers  of  that  type  and  of 
finite  dimension,  the  values  of  Iff     on  the  surface  should  of  course  he 
different.  But  the  differences  of  llf    there  are  not  great  "between,  say, 
a  circular  or  a  square  disk.  Even  if  they  are,  their  distant  fields 
should  he  very  similar,  as  a  consequence,  if  we  go  sufficiently  far  away. 

It  should  he  mentioned  here  that  our  ohservations  in  the  pre- 
ceding two  paragraphs  hold  equally  well  for  diffraction  hy  the  infinite 
J»lane  screen  with  an  arbitrary  aperture.  This  may  not  he  immediately 
obvious  because  the  "obstacle"  per  se  is  infinite.  Nonetheless,  our 
assertions  hold,  because  the  Kirchhoff  conditions  on  ^on  the  surface  of 

the  screen  may  be  transformed  into  conditions  on  _x_l  in  the  aperture  - 

■9  n        ^ 

a  theorem  which  we  will  not  prove  here. 

Similar  arguments  may  be  applied  to  electromagnetic  diffraction 
by  a  perfect  conductor  confined  to  a  plane.  We  would  find  that  the  tan- 
gential electric  vector  must  be  even,  the  tangential  magnetic  vector  odd, 
across  the  plane. 

It  is  hoped  that  the  foregoing  general  discussion  yields  some 
insight  into  certain  problems  of  diffraction.  As  regards  the  problem 
for  the  disk  in  particular,  we  have  already  obtained  ^proximation  values 
for  the  acoustic  radiation  pattern  of  a  disk  in  a  wide  range  of  ka,  cf, 
equation  (I5)  and  figures  3  to  7. 

She  only  assiunption  we  made  to  obtain  this  was  to  say  that  "vf^ 
is  2  on  the  positive  side  and  0  on  the  negative  side  of  a  rigid  disk 
illuminated  by  a  normally  incident  plane  wave  of  unit  amplitude.   It  is 
now  of  interest  to  know  the  exact  value,  in  order  to  compare  with  these 
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assmaptions.  Two  ways  of  achieving  this  are  open  to  us.  One  is  to  use 

Wiener's  experimental  data  taken  with  a  specially  constructed  pressure 

22 
microphone  .  The  other  is  to  evaluate  the  g^jpropriate  quantities  from 

15  lU 

the  exact  spheroidal  theory  of  Bouwkan?)   and  Spence  , 

We  proceed  therefore  to  consider  the  exact  field  scattered  "by 

the  rigid  circular  disk,  in  particular,  (i)  on  its  surface,  and  (ii)  the 

radiation  pattern  at  large  distances.  The  latter  will  serve  to  appraise 

the  results  of  the  Kirchhoff  radiation  theory, 

U.  Summary  of  the  Wave  Functions  of  the  Qhlate  Spheroid  of  Order  Zero. 

It  is  necessary  to  recapitulate  here  in  hrief  the  analysis  of 
the  wave  functions  of  this  prohlem.  As  such  this  section  reviews  or  makes 

use  of  the  work  of  a  numher  of  authors,  "bat  the  details  of  all  laatters 

lU 
summarized  here  may  "be  found  in  the  paper  ty  Spence 

When  considering  normal  incidence  the  entire  field  is  independ- 
ent of  (p  ,  ^fhen  the  wave  equation  (2)  is  separated,  the  <|>  dependence  is 

identical  to  that  in  all  other  systems  with  coordinate  surfaces  which  are 

.  ±im  <b  1    \ 

surfaces  of  revolution,  i.e.,  a  (p  dependence  e    ^   see  equation  \'^), 

Here,  then,  m  =  0,  and  this  restricts  us  to  the  so-called  functions  of 
order  zero. 

The  spheroidal  coordinates  are  related  to  the  cartesian  coordin- 
ates "by  the  set  of  equations 


X  = 


1/2       1/2 
i(l  +  ^  )   (1  -1  )    cosCf 


(23)  .2^/2      2  ^/2     . 

y  =  a(l  +  ^  *")   (1  -n'')    sin^  , 

z  =  a^  »7  ; 

the  metric  coefficients  of  the  system  are  then  easily  fotmd  from  the 
equality  dx^  +  dy^  +  dz^  =  h^^  dyf  +  h?  d^  ^  +  hj  d4>^: 

(2U)     h.  =  a(-l-^-  )   ,  h.  =  a(^  *^  ^)         . 

h^  =  a(l->7^)   (1  +r) 
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The  differential  equations  for  the  angular  emd  radial  wave- 
functions  of  the  ©"blate  spheroid  and  of  order  zero  are 

d>7 

(26)  (1-^r)— 7^  •"  2^-dr  -  ^"'-^  -k2a2ci+^^))v,=  0, 

respectively,   and  are  obtained  "by  separating  (2)   in  our  system  according 
to   '^=  u<    (  ^  )     ▼«  (  ^    )•     We  are  using  a  notation  adapted  from  the  work 
of  Page  on  the  prolate  spheroid     .      The  index^ takes   on  integer  values 
from  zero  to  infinity  and  refers   to  eigenf unctions,    i.e.   solutions  at 
presented  values,    or  eigenvalues,    of  the  separation  constant  oi  , namely 

cV-  .      They  arise  as  follows:      The  angular  equation  has  regular  singular 
points  at  >7  =  i  1,  with  douhle  indicial  roots  equal  to  zero  at  "both  values. 
When  yj  -  t  1  ve  refer  to  points  on  the  z  ajcis  which  are  points   included  in 
the  physical  prohlem.     The  so-called  solutions  of  the  first  kind  are  analytic 
at  the  regular  singular  points  at  and  only  at  special  values   of  ^  , 

Thus  -  again  following  Page  in  our  analysis  of  the  functions,  near 
the  origin  of  the  arguments  -  let  us   expand  the  first  solutions  ahoit  the 
singular  points  of   (25).      It  is  then  found  that   these  are  either  even  or 
odd  in  >9  •      ^®  ottsins 

00  ^  P     K 

(27)  Ug   =     ;^  c       (1  -  y,"')  .i'even, 


k=o<- 


or 


00  ^  p    K 


(28)  Ti£=>7^C2K     ^^"^^  ,  X    odd, 

k=o 

and  these  series  converge  everywhere   in  -1  ^  ^  _  l.    if  ^^^  only  if,   the 
separation  constant   takes  on  values 

(29)  ^=  >^(i+  1)  +      T<i(kV) 
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2  2  2  2 

where      \{T^  b.  )  are  prescribed  fanctions   of  k  a     and  different  for  differ- 
ent^ .      The  index  ^  and  the  values  of  ^  arise  naturally  from  an  analysis 

of  the   convergence  properties,  which   one  may  study  from  the  recursion 

o 
formulas   for  the  c        .      It   is   not  possible  to  give  all  details  here.The  reader 

should  refer  to  the  paper  hy  Spence.     All    "*£  (o)  =  0,   and  (25)  "becomes 
Legendre's  equation  when  ka  =  0.     Hence  the  u^  may  he  so  normalized  that 

(30)  u^   (>7>  ka  =  0)  =  P^   (9), 

the  Legendre  polynomials.  This  normalization  is  obtained  by  letting  the 

c^  be  equal  to  unity.  The  functions  are  orthogonal,  and  their  norms 
o 

(31)  N^  =J    u|(>7)  d>? 

may  be  easily  computed  at  the  different  values  of  ka, 

Vhen  the  two  indicial  roots,  at  a  regular  singular  point  of  a 
second  order  differential  equation,  are  repeated  and  zero,  the  solution"o^ 
the  second  kind"  necessarily  possesses  a  logarithmic  singularity  at  that 
point.  This  solution  is  ruled  out  from  our  angular  functions,  for  the 
singular  points  are  included  in  our  physical  space. 

But  this  does  not  ^ply  to  the  radial  functions  which  satisfy 
(26).  We  note  that  the  radial  functions  are  obtained  from  the  angular 
function  by  letting  >7  assume  imaginary  values.  The  singular  points  are 
at  5  =  _  i,  not  a  part  of  physical  space. 

Thus  we  have  to  consider  radial  functions  of  both  kinds.  Those 
of  the  first  kind  are  simply  chosen  as 


(32)  ^^^  C  ^  )  - 11^  Ci  ^   )  . 

The  factor  1  in  (l,i)   is  to  be  used  when  j2  is  even,    the  factor  i  when  it 
is  odd;      it   ensures  that   the         Vg    (^  )  are  all   real  at  real ^    ,      The 
fanctions  are  normalized  such  that   they  have  convenient  values   on  the 
disk,    i.e. 

(33)  v^(0)     =  1,  when  ^  even. 


(3U)  ^•'•^■v^  '(0)  =  1,  when  £  odd  , 
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where  a  prime  denotes  the  derivative. 

The  functions  of  the  second  kind  can  "be  shown  to  have  the  form 

(35)  ^'^v^(^  )  =  ^4^'^v,(^  )  (tan'V  -|)*g^(^)] 

where  g^  (  ^    )   is   odd  when  i-  is   even  and  even  vAien^is  odd,   and  is  known 
to  he  analytic  at  the   singiilar  points  v   =  _  1.     At   these  points   tan"  f 

has  logarithmic  singularities.      The  (J^  are  as  yet  arhitrary  normalization 

coefficients, 

27 
As  Poole  has   first  shown     ,    the  radial   functions  can  he  expressed 

hy  integrals  containing  the  angular  functions  u^C*?).     These  may  he  used 

to  good  advantage   in  evaluating  the  v^   (9     )  at   large  arguments  where  the 

spheroids  are  nearly  spheres, 

(36)  r  ^a^    .     <  »  0. 

Thus,    it  may  be  proven  that 

(37,         ^%^4)^    ^^\'^^'>      u,iO)^o  . 

The  coefficients  q^  depend  on  normalization  and  we  already  have,  hy  means 
of  (33)  and  (3U),  fixed  the  normalization  of  the    v^  (^  ).  Consequently 
the  q.  are  completely  determined  ftinctions  of  ka  and  ogy  he  computed 

**  *  _  * 


numerically.     What   is  more  important,   however,   a  radial   function  ■'v  (^  ) 
may  he  defined  "by  the  Integral 

W  ^^K_,i^    )=     „       r         e^^^*^    u,(^)d.7. 

^-'l    00 

which  one  may  shov:  to  he 

(39)  ^\  (^   )=    ^%(4  )*i  ^'^v,  (^   )  . 

and  which  has  the  further  property  that 

/,^     ^      ^ika^      ikr 

That  is   to  say,    eigenfunctions  A^  ,    containing  ^  y^^     as  their  radial  part, 
satisfy  Somraerfeld's  conditions   (6)  and  therefore  hehave  as  radially 

diverging  waves.      The  scattered  field  \|/'g  must  he  made  up  of   these    eigen- 
functione. 
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Since  the   q^  are  already  known  in  (38),    the  values  of  the  Q. 
in  (35)  Jiisy  ^e  determined,   and  numerically  tahulated  for  the  different 
values  of  jH  and  ka.     We  now  have  indicated  the  procedures  necessary  to 
obtain  sill  the  quantities  needed  in  a  solution  of  the  acoustic  disk  prob- 
lem (at  normal  incidence). 

The  functions  "tf^C  5    ,  ^7  )   discussed  above  foim  a  complete 
orthogonal   set.     It   is  possible  therefore  to  expand  other  functions   of 
the  same  variables   in  terms  of  the  ^^     , 

Thus  we  may  write 

(Ul)  e"^^^     =     ^      A^    u^  (>7)  v^   (  ^   ) 

for  the  plane  v;ave  incident  normal  to  the  disk;   in  this  series  both  the 
A^  and  the  kind  of  funtion  v^  (  ?  )  are  unknown  but  -  using  (3l),(23)  and 

(3T). 


..  ( n  =  _f 


(U2)         A^  IT^  v^    (  f   )  =      )      e"^^^  Ug    (  7  )  d  »7 


p  .-ika^V 


e"  %   (>7  )  d7 

-1 

=  (-)^      f-     ^'K,    (4). 
Consequently  the  radial  functions  in  (41)  are  of  the  first  kind  and 

(U3)  A,      =    '^-^^ 


The  total  velocity  potential   in  the  disk-problem  may  be   similarly 
expanded: 

inc         s 
=  ^    It^    -*   (''  ^^'^-^  (^  )  *    X     B,  u,   (^7  )   ^^K,    (  4   ). 
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where  the  B^     axe  coefficients  to  "be  determined  "by  the  acoustic  houndary 
condition  at  the  disk,    namely 

(^5)  -§J^     =0  at      ^=  0. 

Thus,    one  ohtains 


(U6) 


Bf      =     r-=-j ,       ^  Odd 


^   =  0,  ^even, 
as  found  in  Spence's  paper.  We  note  that  iff     has  tecome  odd  in  rj  as  a 
direct  consequence  of  applying  condition  {h^), 

5.  The  Exact  Values  of  the  Near  and  Distant  Fields. 

Small  fluctuations  in  a  compressihle  fluid  are  governed  ty  the 
relation 

(1+7)  V  =-<7V^ 

where  v  is  the  velocity  vector,  irrotational,  since  its  curl  vanishes, 
and  by  the- equation  of  motion, 

where  p  is  the  pressure.  Consequently  the  essential  physical  quantities 
are  given  in  terms  of  the  velocity  potential,  and,  in  the  case  of  mono- 
chromatic  acoustical  oscillations  with  harmonic  time  dependence  e~    , 
the  pressure  is  simply  proportional  tolV, 

(^9)  P  =  -icO/'o'^K  . 

Thus  the  entire  diffracted  field  may  be  investigated  by  means  of 
the  expressions 

(50)   ^|r^  =   :^I_  \^5 u^  (.7)  ^^\   {4    ). 

^  ^  ^odd   N^  q^  ^^\t^   (0) 
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(51)  v-KK,  '-^^§w  ^  ^  4r^^, 


Here  >7_  ,  ^-  ,  are  unit  vectors  orthogonal  to  the  h^'per'bolas  and  ellipses 
of  figure  1,  respectively. 

A.  Singularities  at  the  Edge 

Singularities  at  the  edge  of  the  disk  occur  only  in  certain 
velocity  components,  not  in  pressure,  and  are  matheaatically  a  direct  con- 
sequence of  the  presence  of  the  inetric  coefficients  in  the  expression  for 
gradient. 

On  the  surface  of  the  disk  f  =  0,  and  we  ottaln 


^1         a>7 

The  tangential  velocity  component  x^nishes  at  the  center  of   the   disk, 
V  =  _  1,   while  the  normal   component 

for  vJ(o)  =  0,   when£is   even,  v»    (o)  =  1  when  A  is   odd.     On  the   surface  of 
the  disk, one  may  easily  show  that 


Therefore,  using  (Ul)  and  (I+3) 
(55)  ll/,.t      (0.9)=     (f^     e-"=^)^^     =-i^. 
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a  constant  over  the  entire  disk  and  equal  and  opposite  to  the  normal 
velocity  due  to  the  incident  field, 

/rr<r^  /   a'U^inc    s  3         -ikz 

(56)  -(-3^—    \^^    =  -    ^    «  =  i^- 

As  we  near  the  edge  of  the  disk  from  its  central  portion,  i.e. 
'  =  0,  ^  ->  0,  the  tangential  velocity  component  varies  as; 

1 

for,  in  (52)  hi  (0, '7  )  varies  as  the  -~- — —  ,  £  odd,  whicn  have 

S  ,  V  / 

just  such  a  singularity,  since  the  derivatives  of  the  odd  functions  are 
even  and  therefore  norHaero  at  "*?  =  0.  Let  ^denote  the  radius  vector  from 
the  center  to  any  point  on  the  disk, 

1/2,  .  1/2 


^5=  [{x^^/)      J     =a(l-72) 


(57)         ,  .^-  .  , 

and  so 

that  is,  fy/       (O,  >7  )  possesses  a  singularity  of  degree  -^  ,   as  a  function 

of  distance  from  the  edge. 

Thus  v;e  see  that  singularities  of  a  certain  type  arise,  as 
might  he  expected,  hut  only  in  the  free  compoTient  -  that  on  which  no 
houndary  condition  is  imposed;   and  that  the  "radial"  velocity  varies 
most  rapidly  near  the  edge. 

On  the  remainder  of  the  plane  of  the  disk^=  0,  and  it  is  clear 
from  (52)  that  the  4   component  vanishes  on  this  surface.  This  is  the  tan- 
gential comoonent  here,  and  the  result  is  ohvious,  considering  that  XV 

s 

vanishes  hy  virtue  of  (22). 

J.  _      2U'  (0)       ^^^r^U   ) 

(59)      V  (  4  .0)  =  j7.  X    — ni — Ts J 

^         ^       al3,q^^^vi  (0)      f 
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As  we  approach  the  edge  of  the  disk,  /^/  y,^  ^   »^^  ^^  *  singularity 
of  the  typer  1 

4   • 

for  the  functions        \t  ^4  ) ,^  o^d,   contain  the   even  part  iQ,yg^(^    ),  non- 
zero at  the  disk,   which  follows  from   (39)  and  (35).      This   is  equivalent 

to  a  singularity  of  the   type; 

1 


(/»  -a) 


T/? 


f 


where/'   is  the  radius  vector  from  the  origin  of  our  system  to  any  point 

1/2 

on  ^  =  0,   and  hence   (/> -a)  '      measures  distance  to  the  edge.      For  now 

(60)  ^=    /(x^  +  y^)     y  =  a(l+^^) 

"?  =0 

and 

(61)  (/>2-a2)^  ^     =     (/'-a)^/2  (^*a)^/2       =     a/       • 

It  is  clear  that  in  all  real  scatterers  the  tangential  flow  is 
smooth  on  the  surface,  since  in  those  cases  we  deal  with  smooth  surfaces. 
The  singularity  arises  as  a  limit  in  idealized  cases  in  vAiich  infinite 
curvature  may  occur  on  the  surface. 

A  general  theorem  about  singularities  at  the  edge  of  olistaclea 
confined  to  a  plane  may  he  derived  from  the  integral  (21a).  Returning, 
therefore,  to  the  discussion  in  Section  3,  let  us  consider  field  points 
P  at  the  edge,  V/e  place  the  origin  of  coordinates  into  the  point  on  the 
edge,  for  convenience.   Then  H  =/'   ,  where  (^  Is  the  variable  point. 

The  first  integral  hecomes 

3lKs 

This  integral  diverges  if  and  only  if  the  hehavior  of  -^^-^^ —  is  such  that 

<y   ^ 

dWs         1  s 

— '^^SW   »  "P^^i   ^^   *^®  edge,  and  will  converge  for  p<l.  Consequently 

v;e  have  aere  tne  upper  hound  for  singularities  in  the  velocity  components 

on  z=0  near  the  edge. 
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B.   The  Pressure  on  the  Disk. 

Here  we  calculate  the  distriljation  of  pressure  over  the   disk  "by 
the  exact  theory.      The  results  will   serve  for  comparison  with  the  Zirchhoff 
assumptions,    i.e,,    thatV^=  2  on  the  positive  side  ^=  0  on  the  negative 
side,    and  for  ooinparison  with  the  experimental  results  of  Wiener  for  the 
same  quantity.     Wiener  measured  the   ahsolute  value  of  total  sound  pressure 
in  waves  from  a  source  sufficiently  far  from  a  thin  m&tal   disk  to  consider 
them  as  plane  vraves;      the  pressure  was   found  at  points  on  the  disk's  sur- 
face,   and  at  the  same  points  in  the   ahsence  of  the   disk.     The  ratio 
Ip/p^      \  *fa-s  then  plotted  against  position  on  the   surface.     For  normal  in- 
cidence the  data  can  "be  averaged  over  the  azimuth  to  ,    of  v;hich  they  are 
theoretically  independent  and  are  functions  only  ofy^  ,   0  5/^5  a.      In 
our  solution 

^^3)  ^Pinc^,;=  -^^/'o  ' 

by  (U9)  and   (1+1 ); 


(6U) 


/odd  ^*    ^«       ^^-"vj   (0) 

which  is  in  such  a  form  that  it  may  now  he  numerically  computed  from 
tables  of  the  oblate  spheroidal  wave  functions. 

Our  values  are  plotted  in  hea^'y  lines  on  the  schematic  graphs  of 
figiiret  8  to  12,  separately  for  the  ka  =  1,2,3,4,5.  For  each  ka  the  quan- 
tity|p/p^^^/v;as  found  at/' =  0,  .3Ula,  .6a,  .8a,  a,  on  both  sides  of  the 
disk.   The  values  on  the  positive  or  illuminated  side  of  the  disk  are 
plotted  upwards,  on  the  negative  or  shadow  side  downwards.  The  experi- 
mental results  are  plotted  on  this  graph  in  broken  lines. 

As  ka  increases  the  nomber  of  resonance  peaks  on  the  bright 
side  increases,  and,  on  the  shadow  side,  a  bright  spot  becomes  increas- 
ingly pronounced.   This  latter  phenomenon  is  not  predicted  by  the  Kirchhoff 
theory  at  all.  However,  since  the  distribution  on  the  illuminated  side 
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at  ka  =  5  differs  little  from  the  value  2,  it  would  seem  that  the  distri- 
■bution  is  nearly  that  predicted  by  the  theory  at  a  ka  as  small  as  5.  Bat 
we  should  not  draw  the  conclusion  from  this  that  the  approximate  assump- 
tions on  the  near  field,  illuminated  side,  are  good  for  ell  ka  >  5  unless 
we  had  data  for  this  region.   In  fact  the  experimental  results  at  ka  >  5  s 

show  that  this  is  not  true.  The  reader  is  referred  to  additional  curves 

22 
plotted  ty  Wiener   for  further  information. 

Concerning  agreement  between  theory  Bud 
experiment  -  Wiener's  experimental  data  are  also  plotted  in  figures  8  and 
9  -  it  is,  on  the  whole,  good  and  lies  within  the  expected  error  in  the 
measurements,  with  some  exceptions.   The  error  is  relatively  large  in 
such  measurements,  is  greatest  where  the  rate  of  change  in  pressure  is 
largest  and  increases  with  frequency.  There  is  also  the  inherent  error 
due  to  diffraction  by  the  microphone,  and  attached  equipment  near  the 
disk.   The  exceptions  are,  (a)  the  discrepancy  at  /* =0,  ka=5,  on  the 
bright  side,  (b)  the  nearly  constant  difference  across  the  disk  at  ka=2 
and  3  oJi  both  sides;  we  know  so  far  no  reasons  for  this  discrepancy. 
Furthermore  we  should  not  expect  that  the  experimental  values  agree   with 
ours  at  or  near  the  edge  of  the  disk  on  account  of  the  fact  that  the 
real  disk  is  of  finite  thickness. 

Across  the  edge,  th.e  theoretical  curves  are  continuous,  while 
-tK€  slope  is  not.  This  fact  is  clear  in  view  of  our  observations  above 
on  the  singularities  in  the  derivatives  of  ij^at  the  edge  of  the  disk. 
C.  Radiation  Patterns 

Ifhen  we  substitute  the  equations  (50)  and  (5I)  ,  evaluated  at 

large  distance,  in  the  formula  {Ik)   for  the  power  flux,  we  obtain  the 

exact  value  for(^(ka;  9)  : 

/D  wO    00 

(65)    C/C(ka;0)  =  2  ^  2L.  B^^' ^^  (cos  0)  Ug,.  (cos  0)  , 
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foT>}    ->  COS  ©  as  ^  ->  00  ;  one  finds  that 

The  quantity  ^(ka;  0)  was  computed  for  ka  =  1,2,3,H,5  at  six 
different  values  of  6  between  0  and  Tt/2,  and  is  shown  graphically  in  the 
heavy  lines  of  figures  3  to  "J, 

At  ka  =  1,  where  X  =  2na,  a  large  difference  exists  "between 
0^  and  ^v'     As  ka  increases  the  curves  oscillate  about  each  other  with 
obviously  decreasing  amplitude;   at  ka  =  5f  where  A  =  1,25a  the  two 
curves  very  closely  agree  and  it  may  be  inferred  safely  that  v-tien  ka  >  5 
the  discrepancies  between  <A^  and  ^j,  v/ill  remain  small.  Hence  we  find 
that  the  Kirchhoff  theory,  allegedly  applicable  only  as  ka  — >  oo,  gives 
good  approximate  results  at  intermediate  values  of  this  quantity,  also. 
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Figare  5 
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